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Abstract
Every linear code over GF(4) with odd minimum distance d is extendable if Ai = 0 for all
i ≡ 2 (mod 4) or if Ai = 0 for all i ≡ −d (mod 4).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Let C be an [n, k, d]q code, that is a linear code over GF(q) of length nwith dimension k
whose minimum Hamming distance is d, where GF(q) stands for the ﬁnite ﬁeld of order q.
The weight distribution of C is the list of numbers Ai which is the number of codewords of
Cwith weight i. The weight distribution with (A0, Ad, . . .)= (1, , . . .) is also expressed as
01d · · ·.We only consider non-degenerate codes having no coordinate which is identically
zero.
The code obtained by deleting the same coordinate from each codeword of C is called
a punctured code of C. If there exists an [n + 1, k, d + 1]q code C′ which gives C as a
punctured code,C is called extendable (toC′) andC′ is an extension ofC. It is well-known
that [n, k, d]2 codes with d odd are always extendable. Hill and Lizak [2] generalized this
fact for general q as follows.
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Theorem 1.1 (Hill [1], Hill and Lizak [2]). An [n, k, d]q code C with gcd(d, q) = 1 is
extendable if
Ai = 0 for all i /≡ 0, d (mod q). (1.1)
There are many linear codes satisfying the condition of Theorem 1.1 when d≡−1
(mod q), see [1]. See [7] for the extendability of [n, k, d]q codes with d ≡ −2 for odd
q. As for the extendability of ternary linear codes, see [6]. Throughout this paper we are
mainly concerned with [n, k, d]4 codes with odd d, k3 (See [4] for the case k2). For
the extendability of quaternary linear codes, the following is also known.
Theorem 1.2 (Maruta [5], Simonis [8]). An [n, k, d]4 code C with d odd is extendable if∑
i:even
Ai < 7× 4k−2. (1.2)
See [5] for a generalization of this result.
Our aim is to give two new sufﬁcient conditions for the extendability of [n, k, d]4 codes.
Theorem 1.3. An [n, k, d]4 code C with odd d, k3, is extendable if
Ai = 0 for all i ≡ 2 (mod 4). (1.3)
Theorem 1.4. An [n, k, d]4 code C with odd d, k3, is extendable if
Ai = 0 for all i ≡ −d (mod 4). (1.4)
Note that (1.1) for q = 4, k3 and d odd means both of (1.3) and (1.4). We prove
Theorems 1.3 and 1.4 in Sections 3 and 4, respectively.
Examples. Let GF(4)={0, 1, a, b}, where a and b are the roots of x2+x+1 over GF(2).
(1) Let C1 be a [10, 3, 5]4 code with a generator matrix
G1 =
[1 0 0 1 1 1 1 1 1 1
0 1 0 1 1 1 1 a a b
0 0 1 0 1 a b 0 1 0
]
.
The weight distribution ofC1 is 015671283996. So, neither of (1.1) and (1.2) is satisﬁed,
but (1.3) holds. Hence C1 is extendable. Actually, adding the column vector [0, 1, a]T
to G1 we get an extension of C1 with the weight distribution 0166827924106.
(2) Let C2 be an [8, 3, 3]4 code with a generator matrix
G2 =
[1 0 0 0 0 1 1 1
0 1 0 1 1 a 1 b
0 0 1 a b 1 b a
]
.
Since the weight distribution of C2 is 013343636721, none of (1.1), (1.2) and (1.3) is
satisﬁed, but (1.4) holds. Hence C2 is extendable. Adding the column vector [0, 0, 1]T
to G2 we get an extension of C2 with the weight distribution 0146612724821.
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2. Preliminaries
We denote by PG(r, q) the projective geometry of dimension r over GF(q). A j-ﬂat is
a projective subspace of dimension j in PG(r, q). 0-ﬂats, 1-ﬂats, 2-ﬂats, (r − 2)-ﬂats and
(r − 1)-ﬂats are called points, lines, planes, secundums and hyperplanes respectively as
usual.We denote byFj the set of j-ﬂats of PG(r, q) and denote by j the number of points
in a j-ﬂat, i.e., j = |PG(j, q)| = (qj+1 − 1)/(q − 1).
Let C be an [n, k, d]q code with a generator matrix G. Then the columns of G can be
considered as a multiset of n points in = PG(k − 1, q) denoted also by C.An i-point is a
point of  which has multiplicity i in C. Denote by 0 the maximum multiplicity of a point
from  inC and let Ci be the set of i-points in , 0 i0. For any subset S of we deﬁne
the multiplicity of S with respect to C, denoted by mC(S), as
mC(S)=
0∑
i=1
i|S ∩ Ci |,
where |T | denotes the number of points in T for a subset T of . Note that the number of
hyperplanes  with mC()= i is equal to An−i/(q − 1) for 0 in− d. Then we obtain
the partition = C0 ∪ C1 ∪ · · · ∪ C0 such that
n=mC(),
n− d =max{mC() | ∈Fk−2}.
Conversely such a partition of  as above gives an [n, k, d]q code in the natural manner if
there exists no hyperplane containing the complement of C0 in .
Since (length)− (minimum distance)= n− d holds also for an extension of C, we get
the following.
Lemma 2.1. C is extendable iff there exists a point P ∈  such that mC()<n − d for
all hyperplanes  through P.
Let∗ be the dual space of (consideringFk−2 as the set of points of∗). Then Lemma
2.1 is equivalent to the following.
Lemma 2.2. C is extendable iff there exists a hyperplane of ∗ such that
 ⊂ { ∈Fk−2 |mC()<n− d}.
From now on, we assume that C is an [n, k, d]4 code with d odd, k3, satisfying (1.3)
or (1.4). We say C is of type I (resp. of type II) if C satisﬁes (1.3) (resp. (1.4)).
Now, n− d /≡ n (mod 4). Deﬁne F0, F1 and F as follows:
F0 = { ∈Fk−2 |mC() ≡ n (mod 4)},
F1 = { ∈Fk−2 |mC() /≡ n, n− d (mod 4)},
F = F0 ∪ F1.
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Table 1
Type I
|l ∩ F | 1 3 4 5 5
|l ∩ F0| 1 1 3 1 5
|l ∩ F1| 0 2 1 4 0
Table 2
Type II
|l ∩ F | 1 3 3 5 5 5
|l ∩ F0| 1 0 2 1 3 5
|l ∩ F1| 0 3 1 4 2 0
Then F forms a blocking set with respect to lines in the dual space ∗ of = PG(k− 1, 4)
[5], that is, every line of ∗ meets F in at least one point of ∗. Note that F1 = { ∈
Fk−2|mC() ≡ n + d (mod 4)} when C is of type I and that F1 = { ∈ Fk−2|mC() ≡
n+ 2d (mod 4)} when C is of type II.
The following is straightforward from Lemma 2.2.
Lemma 2.3. C is extendable if F contains a hyperplane of ∗.
The diversity (0,1) of C (which was ﬁrst deﬁned in [7], see also [6]) is deﬁned as the
pair of cardinalities of F0 and F1:
0 = |F0| = 13
∑
4|i,i =0
Ai, 1 = |F1| = 13
∑
i /≡0,d (mod 4)
Ai .
A subset S of ∗ with |S ∩ F0| = i, |S ∩ F1| = j is called an (i, j)-set. A line of ∗
which forms an (i, j)-set is called an (i, j)-line. An (i, j)-plane, an (i, j)-secundum and
an (i, j)-hyperplane are deﬁned similarly.
Lemma 2.4. Let l be a line of ∗ with F ∩ l = {1, . . . ,u}, mC(i )= si , 1 iu. Then∑u
i=1 si ≡ n+ (u− 1)(n− d) (mod 4).
Proof. Let u+1, . . . ,1 be other points on l in 
∗
. Then mC(j ) ≡ n − d (mod 4),
u+1j1. Since∑1i=1(mC(i )−mC(l))+mC(l)=n,weget∑ui=1 si+(1−u)(n−d) ≡
n (mod 4). 
We denote byF∗j the set of j-ﬂats of ∗, soF∗j =Fk−2−j , 0jk− 2. From Lemma
2.4, the possibilities of |l ∩F |, |l ∩F0|, |l ∩F1| for l ∈F∗1 are as follows (Tables 1 and 2):
Assume 2 tk − 1 and let t ∈ F∗t . Denote by c(t)i,j the number of (t − 1)-ﬂats in t
which form (i, j)-sets and let	(t)s =|t∩Fs |, s=0, 1. (	(t)0 ,	(t)1 ) is called the diversity of t
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Table 3
Type I
Type 	(2)0 	
(2)
1 c
(2)
1,0 c
(2)
1,2 c
(2)
3,1 c
(2)
1,4 c
(2)
5,0
(a-1) 5 0 20 0 0 0 1
(a-2) 5 6 5 15 0 0 1
(a-3) 5 8 2 16 0 2 1
(a-4) 5 10 0 15 0 5 1
(a-5) 13 4 1 0 16 1 3
(a-6) 5 16 0 0 0 20 1
(a-7) 21 0 0 0 0 0 21
and the list of c(t)i,j ’s is called its spectrum. An easy counting argument yields the following:∑
(i,j)∈
t−1
c
(t)
i,j = t ,
∑
(i,j)∈
t−1
ic
(t)
i,j = t−1	(t)0 ,
∑
(i,j)∈
t−1
jc
(t)
i,j = t−1	(t)1 ,
∑
(i,j)∈
t−1
(
i
2
)
c
(t)
i,j = t−2
(
	(t)0
2
)
,
∑
(i,j)∈
t−1
(
j
2
)
c
(t)
i,j = t−2
(
	(t)1
2
)
,
∑
(i,j)∈
t−1
(
i + j
2
)
c
(t)
i,j = t−2
(
	(t)0 + 	(t)1
2
)
,
where 
t−1 is the set of all possibilities of (	(t−1)0 ,	
(t−1)
1 ). We refer to the above simulta-
neous six equations as (∗). Note that the last equation of (∗) can be replaced by∑
(i,j)∈
t−1
ijc
(t)
i,j = t−2	(t)0 	(t)1 .
We have already seen that

1 = {(1, 0), (1, 2), (3, 1), (1, 4), (5, 0)} for type I,

1 = {(1, 0), (0, 3), (2, 1), (1, 4), (3, 2), (5, 0)} for type II.
Assume t = 2. Solving (∗), one can get Table 3 for type I and Table 4 for type II. C1 and
C2 in Section 1 are examples of type (a-5) and of type (b-2), respectively.
Theorem 2.5. Let C be an [n, 3, d]4 code of type I with diversity (0,1). Then
(1) (0,1) ∈ {(5, 0), (5, 6), (5, 8), (5, 10), (13, 4)}.
(2) C is extendable.
Proof. When k = 3, (0,1) = (	(2)0 ,	(2)1 ) and 0 + 1< 2, for { ∈ F2 |mC() ≡
n− d (mod 4)} = ∅. Hence we get (1) from Table 3. Since c(2)5,0> 0 for all cases, we get (2)
by Lemma 2.3. 
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Table 4
Type II
Type 	(2)0 	
(2)
1 c
(2)
1,0 c
(2)
0,3 c
(2)
2,1 c
(2)
1,4 c
(2)
3,2 c
(2)
5,0
(b-1) 5 0 20 0 0 0 0 1
(b-2) 1 12 2 16 0 3 0 0
(b-3) 7 6 2 4 12 0 3 0
(b-4) 9 4 2 0 16 1 0 2
(b-5) 5 16 0 0 0 20 0 1
(b-6) 7 14 0 0 0 14 7 0
(b-7) 9 12 0 0 0 9 12 0
(b-8) 11 10 0 0 0 5 15 1
(b-9) 13 8 0 0 0 2 16 3
(b-10) 15 6 0 0 0 0 15 6
(b-11) 21 0 0 0 0 0 0 21
Since c(2)1,4 + c(2)3,2 + c(2)5,0> 0 holds for (b-1) to (b-4), we get the following from Table 4
similarly.
Theorem 2.6. Let C be an [n, 3, d]4 code of type II with diversity (0,1). Then
(1) (0,1) ∈ {(5, 0), (1, 12), (7, 6), (9, 4)}.
(2) C is extendable.
3. Proof of Theorem 1.3
LetC be an [n, k, d]4 code of type I. Let t , (	(t)0 ,	(t)1 ), c(t)i,j be as in Section 2. Theorem
1.3 holds for k = 3 by Theorem 2.5. So we assume t3.
Lemma 3.1. Assume there is no (3, 1)-line in t .
(1) 	(t)0 = t−1 or t .
(2) t ∩ F0 ∈Ft−1 when 	(t)0 = t−1.
Proof. (1) Assume that there is no (i, j)-line with (i, j) ∈ {(1, 0), (1, 2), (1, 4)}. Then
every line in t is a (5,0)-line, which implies that t ⊂ F0, i.e., 	(t)0 = t .
If there is an (i, j)-line l with (i, j) ∈ {(1, 0), (1, 2), (1, 4)}, then every plane through l
is a (5, ∗)-plane, so 	(t)0 = (5− 1)t−2 + 1= t−1. (Recall that the number of planes in t
through a ﬁxed line is t−2.)
(2) Since every line in t meets F0 in at least one point, it follows from Theorem 3.4 in
[3] that t ∩ F0 ∈Ft−1 when 	(t)0 = t−1. 
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Lemma 3.2. Assume there is a (3, 1)-line in t . Then
(	(t)0 ,	
(t)
1 ; c(t)t−2,0, c
(t)
2t−2+2t−3+1,4t−2 , c
(t)
t−2,4t−1 , c
(t)
t−1,0)
= (2t−1 + 2t−2 + 1, 4t−1; 1, t − 1, 1, 3).
Proof. Let l be a (3,1)-line in t . Since all the planes through l are of type (a-5), we get
	(t)0 = (13− 3)t−2 + 3= 2t−1 + 2t−2 + 1, 	(t)1 = (4− 1)t−2 + 1= 4t−1,
and there is no (1,2)-line in t . The assertion for the spectrum can be proved by induction
on t with (a-5) in Table 3 as the basis of induction. 
Since c(t)t−1,0> 0 for all cases, it follows from Lemma 2.3 that C is extendable. This
completes the proof of Theorem 1.3. 
4. Proof of Theorem 1.4
Let C be an [n, k, d]4 code of type II and let t , (	(t)0 ,	(t)1 ), c(t)i,j be as in Section 2.
Theorem 1.4 holds for k = 3 by Theorem 2.6, so, it sufﬁces to prove for t3.
Lemma 4.1. If	(t)1 =0, then (	(t)0 ; c(t)t−2,0, c
(t)
t−1,0)=(t−1; t−1, 1)with t ∩F0 ∈F∗t−1
or (	(t)0 ; c(t)t−1,0)= (t ; t ) for t2.
Proof. See Lemma 3.1 in [6]. 
Lemma 4.2. Assume there is no (0, 3)- nor (2, 1)-line in t . Then
	(t)1 = 0 or 	(t)0 + 	(t)1 = t . (4.1)
Proof. We proceed by induction on t. Eq. (4.1) is obvious for t = 2 from Table 4. Assume
(4.1) holds for t − 1, t3. Then, it follows from the six equations (∗) in Section 2 that
∑
(i,j)∈
t−1
j (i + j − t−1)c(t)i,j
=
∑
(i,j)∈
t−1
ijc
(t)
i,j +
∑
(i,j)∈
t−1
j (j − 1)c(t)i,j − (t−1 − 1)
∑
(i,j)∈
t−1
jc
(t)
i,j
= t−2	(t)1 (	(t)0 + 	(t)1 − 1− 4t−1)
= t−2	(t)1 (	(t)0 + 	(t)1 − t )= 0. 
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Lemma 4.3. Assume there is a (0, 3)-line or a (2, 1)-line in t . Then
(1) 	(t)0 + 	(t)1 = 2t−1 + 2t−2 + 1.
(2) c(t)i,j > 0 for some (i, j) ∈ 
t−1 with i + j = t−1.
Proof. (1) Let l be a (0, 3)-line or a (2, 1)-line in t . Since every plane through l is an
(i, j)-plane with i + j = 13, we obtain
	(t)0 + 	(t)1 = (13− 3)t−2 + 3= 2t−1 + 2t−2 + 1.
(2) By (1) and Lemmas 4.1 and 4.2, it holds that
i + j ∈ {t−2, 2t−2 + 2t−3 + 1, t−1} for all (i, j) ∈ 
t−1.
Note that i + j = t−2 implies (i, j) = (t−2, 0). Suppose that there is no (i, j) ∈ 
t−1
with i + j = t−1. Then, using the six equations (∗) in Section 2, we have∑
(i,j)∈
t−1
j (i + j − 2t−2 − 2t−3 − 1)c(t)i,j
=
∑
(i,j)∈
t−1
ijc
(t)
i,j +
∑
(i,j)∈
t−1
j (j − 1)c(t)i,j − 2(t−2 + t−3)
∑
(i,j)∈
t−1
jc
(t)
i,j
= 	(t)1 {t−2(	(t)0 + 	(t)1 − 1)− 2t−1(t−2 + t−3)} = 0.
giving a contradiction. 
Lemmas 4.1, 4.2 and 4.3(2) imply that C is extendable by Lemma 2.3. This completes
the proof of Theorem 1.4. 
Remark. The following can be proved by induction on t:
(1) Assume there is a (0,3)-line but no (2,1)-line in t . Then(
	(t)0 ,	
(t)
1 ; c(t)t−2,0, c
(t)
t−3,3×4t−2 , c
(t)
t−2,4t−1
)
= (t−2, 3× 4t−1; 2, t − 1, 3).
HenceF consists of three (t−2, 4t−1)-hyperplanes through a ﬁxed (t−2, 0)-secundum.
(2) Assume there is a (2,1)-line but no (0,3)-line in t . Then(
	(t)0 ,	
(t)
1 ; c(t)t−2,0, c
(t)
t−2+4t−2,4t−2 , c
(t)
t−2,4t−1 , c
(t)
t−1,0
)
= (t−1 + 4t−1, 4t−1; 2, t − 1, 1, 2).
HenceF consists of one (t−2, 4t−1)-hyperplane and two (t−1, 0)-hyperplanes through
a ﬁxed (t−2, 0)-secundum.
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